Abstract. It is shown that G qp ↑ , the quantified propositional Gödel logic based on the truth-values set V ↑ = {1 − 1/n : n ≥ 1} ∪ {1}, is decidable. This result is obtained by reduction to Büchi's theory S1S. An alternative proof based on elimination of quantifiers is also given, which yields both an axiomatization and a characterization of G qp ↑ as the intersection of all finite-valued quantified propositional Gödel logics.
Introduction
In 1933, Gödel introduced a family of finite-valued propositional logics to show that intuitionistic logic does not admit a characteristic finite matrix [9] . Dummett later generalized these to an infinite set of truth-values, and showed that the set of its tautologies LC coincides with intuitionistic logic extended by the linearity axiom (A ⊃ B) ∨ (B ⊃ A) [6] . Gödel-Dummett logic naturally turns up in a number of different areas of logic and computer science. For instance, Dunn and Meyer [7] pointed out its relation to relevance logic; Visser [13] employed it in investigations of the provability logic of Heyting arithmetic; Pearce used it to analyze inference in extended logic programming [12] ; and eventually it was recognized as one of the most important formalizations of fuzzy logic [10] .
The propositional Gödel logics are well understood: Any infinite set of truthvalues characterizes the same set of tautologies. LC is also characterized as the intersection of the sets of tautologies of all finite-valued Gödel logics, and as the logic determined either by linearly ordered Kripke frames [6] or linearly ordered Heyting algebras [11] .
When Gödel logic is extended beyond pure propositional logic, however, the situation is more complex and less well understood. For the cases of propositional entailment and extension to first-order validity, infinite truth-value sets with different order types determine different logics. An interesting question in this context is: Which infinite truth-value set, if any, determines the intersection of all generalized finite-valued Gödel logics. For both propositional entailment and first-order validity, the answer is the corresponding logic based on the truth-value set V ↑ = {1} ∪ {1 − 1/n : n ≥ 1} [4] .
Another interesting generalization of propositional logic is obtained by adding quantifiers over propositional variables. Already in classical logic, propositional quantifiers make it possible to express complicated properties in a natural and succinct way. Although from a semantic point of view quantified Boolean formulas cannot express more Boolean functions than ordinary Boolean formulas, statements about satisfiability and validity of formulas are easily expressible within the logic itself once such quantifiers are available. This fact can be used to provide efficient proof search methods for several non-monotonic reasoning formalisms [8] . For Gödel logic the increase in expressive power is witnessed by the fact that statements about the topological structure of the set of truthvalues (taken as infinite subsets of the real interval [0, 1]) can be expressed using propositional quantifiers [3] .
In [3] it is shown that there is an uncountable number of different quantified propositional infinite-valued Gödel logics. The same paper investigates the quantified propositional Gödel logic G qp ∞ based on the set of truth-values [0, 1], which was shown to be decidable.
It is again of some interest to characterize the intersection of all finite-valued quantified propositional Gödel logics. As was pointed out in [3] , G qp ∞ is not it. If, as is now customary, we take LC to be defined as the logic of linearly ordered Kripke frames, then quantified propositional LC would result by adding quantifiers over propositions in Kripke semantics. The resulting logic is also not the intersection of the corresponding logics of finite linearly ordered Kripke frames (which coincide with the finite-valued Gödel logics). As one might suspect, the correct answer lies in the truth-value set V ↑ .
In this paper we study the quantified propositional Gödel logic G qp ↑ based on the truth-value set V ↑ . We show that QG qp ↑ is decidable. In general, it is not obvious that a quantified propositional logic is decidable or even axiomatizable. For instance, neither the closely related quantified propositional intuitionistic logic, nor the set of valid first-order formulas on the truth-value set V ↑ are r.e. Although our result can be obtained by reduction to Büchi's monadic second order theory of one successor S1S [5] , we also give a more informative proof based on elimination of propositional quantifiers. This proof allows us to characterize G qp ↑ as the intersection of all finite-valued quantified propositional Gödel logics, and moreover yields an axiomatization of G qp ↑ .
Gödel Logics
Syntax. We work in the language of propositional logic containing a countably infinite set Var = {a, p, q, . . . } of (propositional) variables, the constants ⊥, ⊤, as well as the connectives ∧, ∨, and ⊃. Propositional variables and constants are considered atomic formulas. Uppercase letters will serve as meta-variables for formulas. If A(p) is a formula containing the variable p free, then A(X) denotes the formula with all occurrences of the variable p replaced by the formula X. V ar(A) is the set of variables occurring in the formula A.
We use the abbreviations
Semantics. The most important form of Gödel logic is defined over the real unit interval [0, 1]; in a more general framework, the truth-values are taken from a set V such that {0,
An valuation v : Var → V can be extended to formulas as follows:
As usual, a formula A is a tautology if for all v, v(A) = 1.
Note that ≺ expresses strict linear order, in the sense that
In other words, propositional quantification is semantically defined by the supremum and infimum, respectively, of truth functions (with respect to the usual ordering "0 < 1" over the classical truth-values {0, 1}). This correspondence can be extended to Gödel logic by using fuzzy quantifiers. Syntactically, this means that we allow formulas 
When we consider fuzzy quantifiers, V has to be closed under taking infima and suprema.
Hilbert-style Calculi
All the calculi we consider are based on the following set of axioms:
These axioms, together with the rule of modus ponens, define the system IPC that is sound and complete for intuitionistic propositional logic. The system LC for propositional Gödel logic over the interval [0, 1] is obtained by adding to IPC the linearity axiom (A ⊃ B) ∨ (B ⊃ A), see [6] . When we turn to quantified propositional logics, a natural system IPC qp to start with is obtained by adding to IPC the following two axioms:
and the rules:
where for any formula X, the notation X (a) indicates that a does not occur free in X, i.e., a is a (propositional) eigenvariable.
To axiomatize G qp ↑ , the quantified propositional logic based on the truthvalue set V ↑ = {1} ∪ {1 − 1/n : n ≥ 1}, we extend the syntax of Gödel logics by considering the additional unary connective ⋄ defined as follows:
Note that for any valuation v:
Remark 1. ⋄A does not admit quantifier elimination with respect to the usual syntax since it does not coincide with any of the one variable functions.
Let QG qp ↑ the system obtained by adding to LC the axiom
where p / ∈ A, together with the following axioms: Remark 3. In [3] it was shown that a system sound and complete for G qp ∞ is obtained by extending LC qp with both (∨∀) and the axiom
Decidability
In this section we prove that G qp ↑ is decidable. This is done by defining a reduction of tautologyhood in G qp ↑ to S1S, the monadic theory of one successor, which was shown to be decidable by Büchi [5] .
Suppose A is in the language of G qp ↑ , and a x is a first-order variable. Let
x by:
We consider the following reduction:
The idea behind it is to correlate truth-values of the set {1 − 1/n : n ≥ 1} ∪ {1} with monadic predicates on {1} <ω which are prefix closed, i.e., predicates in
(1 corresponds to {1} <ω , and 1 − 1/n corresponds to {1 k : k ≤ n}). T V (A(x)) expresses, in the language of S1S, that the predicate
in a given interpretation s is prefix closed. If a monadic predicate P is prefix closed, we define
Every truth-value v ∈ V ↑ corresponds to a monadic predicate
Note that for prefix closed P, Q ∈ T V , P ⊆ Q iff tv(P ) ≤ tv(Q), and conversely,
Lemma 4. Let v be a valuation and s be the interpretation of predicates
Proof. By induction on the complexity of A. The claim is obvious for atomic formulas, conjunction and disjunction. If A ≡ B ⊃ C we have to distinguish two cases. Suppose first that v(B) ≤ v(C). By induction hypothesis,
, and hence the first disjunct in the definition of (B ⊃ C)
x is true. Thus (B ⊃ C) x defines {1} <ω and tv((B ⊃ C) 
Proof. By induction on the complexity of A. The claim is again trivial for atomic formulas, conjunctions or disjunctions.
Otherwise, for some n we have 
, then there is a prefix closed witness P so that S1S |= B
, and for no prefix closed Q and no j > k,
If sup N does not exist, for each k there is a prefix closed witness Q k with
Proof. First we show that a formula A is a tautology in G qp ↑ iff S1S |= Φ(A). If there is a valuation v such that v(A) < 1, then, by Lemma 4 there is an s with s(P ⊥ ) = ∅ and n so that 1 n is not in the predicate A x [s], and hence S1S Φ(A). Conversely, suppose S1S Φ(A). We may assume, without loss of generality, that all propositional variables in A are bound. Then there is an interpretation s with
for all k ≥ n, and, also by Lemma 5,
The claim follows by the decidability of S1S.
⊓ ⊔
Properties and Normal Forms
In this section we introduce suitable normal forms for formulas of QG qp ↑ and we prove some useful properties of QG qp ↑ . These results will be crucial in the proof of the elimination of quantifiers.
Using axioms (I2) and (G1) the claim follows.
(2) The left-to-right implication immediately follows from axioms (I2) and (I3) together with Prop. 7(1). For the converse implication, using axiom (I4) and Prop. 7(1) one can derive ⋄A ⊃ ⋄(B ⊃ A ∧ B) and then, using (G1), one (A ∧ B) ) the claim follows. If C(p) is quantifier free, we also have
By induction on the complexity of C. Cases for ∧, ∨, and ⊃ are easy. If
If C ≡ (∃r)D(r), we argue: For formulas of Gödel logic, a normal form similar to the disjunctive normal form of classical logic has been introduced in [1] (see also [2, 3] Let Γ = {v 1 , . . . , v n } such that for every i = 1, . . . , n v i is either ⊤ or of the form ⋄ j p or ⋄ j ⊥ for some j ≥ 0.
Definition 12. A ⋄-chain over Γ is an expression of the form
such that π is a permutation of {1, . . . , n} and ⋆ i ∈ {↔, ≺}, for all i = 0, . . . , n.
Every ⋄-chain uniquely determines an ordered partition Π 1 , . . . , Π k of Γ so that ⊥ ∈ Π 1 , ⊤ ∈ Π k , and Π i = {v π(ji) , . . . , v π(ji+1−1) } where ⋆ ji = · · · = ⋆ ji+1−2 =↔ and ⋆ ji+1−1 =≺. Conversely, every such partition determines a ⋄-chain up to provable equivalences.
Every ⋄-chain describes an order type of the elements of Γ . For any formula A, let Ψ Ci (A) be the value of A under a valuation which has the same order type as described by the ⋄-chain C i . Let C(Γ ) be the set of all possible ⋄-chains over Γ . 
3. for no j, k and v ∈ Γ do we have both
Theorem 16. Let A be in ⋄-normal form. There exists a formula A
Proof. By Thm. 14, QG
where for at least one l ≤ j, ⋆ j =≺, and QG
As is easily seen, the right hand side is provably equivalent to 
Since
r v) which together with the left conjunct of (1) 
By induction on the number of disjuncts in A ′′ we obtain the desired A nf . ⊓ ⊔
Quantifier Elimination
In this section we prove the quantifier elimination for QG qp ↑ . As a corollary of this result we show that the system QG qp ↑ is sound and complete for G qp ↑ and that the latter is the intersection of all finite-valued quantified propositional Gödel logics.
Proof. The left-to-right implication of (1) is trivial. Taking A for C in Prop. 8 and using axiom A ⊃ (B ⊃ (A ∧ C ⊃ B) ) we obtain the formulas
We introduce the existential quantifier in the antecedent of the second formula, and then get
The antecedent is an instance of (G5), then
from which the right-to-left direction of (1) follows by (R∀). The argument is analogous for the derivation of (2). 
Proof.
to obtain A i+1 . The procedure terminates with C corresponds to an ordered partition Π 1 , . . . , Π k over Γ . We prove that QG qp ↑ ⊢ (∃p)C ↔ C ′ for some quantifier free C ′ by induction on k.
. Now suppose k > 2. Three cases arise, according to how the equivalence classes containing p are distributed.
(1) The partition corresponding to C is of the form
The partition corresponding to C is of the form
∧E
We first show that
For the right-to-left direction, observe that
from which the claim follows by (R∃). The left-to-right direction is proved by induction on j, using axiom (G6). In sum, we have
Since the condition on max exp {p} A we can assume that v ≡ ⋄ k q with k ≥ j. We proceed by induction on j. If j = 0, then we have a conjunct p ↔ v, and (∃p)C ≡ C(v). Otherwise, we have a conjunct ⋄ j p ↔ ⋄ k q with k ≥ j. Using (G3), this conjunct is provably equivalent to (v
Hence, C is equivalent to the disjunction of two ⋄-chains corresponding to
For the first ⋄-chain, the maximum exponent of p is smaller and hence the induction hypothesis of the present subcase applies. The second ⋄-chain is shorter overall, and hence the induction hypothesis based on number of equivalence classes applies. ⊓ ⊔ Lemma 21. Let A(p) be in ⋄-normal form, and so that
There is a formula
Proof. Let A nf be the minimal normal form of A. It is provably equivalent to the formula obtained from 
where p / ∈ D i , E i . This, in turn, is equivalent to a conjunction of disjunctions of the form
This can again be simplified by taking n = max{n i } and m = min{m j }, since QG
∈ B, it suffices to show that a formula of the form
is equivalent to a quantifier free formula. We distinguish three cases: 
